Abstract. We first construct compatible actions of the product of the unit interval and the unit circle as a monoid on a semi-stable degeneration of pairs and on the associated log topological spaces. Then we show that the log topological family is locally trivial in piecewise smooth category over the base, i.e., the associated log topological family recovers the vanishing cycles of the original semi-stable degeneration in the most naive sense. Using this result together with the log Riemann-Hilbert correspondence, we introduce two types of integral structure of the variation of mixed Hodge structure associated to a semi-stable degeneration of pairs.
Introduction. Kato and Nakayama [KN] constructed a ringed space (X log , Oχ g ) over a given fs log analytic space (X, Λ4χ) and proved a log version of the Riemann-Hilbert correspondence on them (cf. (1.2), (1.3), (1.4)).
In the case where the fs log analytic space (X, Λ4χ) is the one corresponding to a divisor D with normal crossings on a complex manifold X, i.e., Λ4χ := {/ e Oχ | / is invertible outside A ed} (cf (1.1.4)), the projection τx : X log -> X is nothing but the real oriented blowing-up of X along D re d (cf. (1.2.1)).
Let us consider a relative case. Let / : X -> A be a proper surjective flat morphism of a complex manifold onto an open disc such that / is smooth over the punctured disc A* := A -{0} and that the central fiber Xo := f~ι (0) is a reduced divisor with simple normal crossings. Let Y be a divisor on X, flat with respect to /. We assume that Xo + Y is also a divisor with simple normal crossings. Then, by [KN] , we can construct a map / log : X log -> z\ log and a subspace y log of X log over the given ones and we have a commutative diagram:
(O.i)
The main result in the present paper is that the family This implies, in particular, that Lz '= R q (f log )*Z is a locally constant sheaf of Z-modules on Z\ log . On the other hand, Steenbrink and Zucker [SZ] showed that V := R q f*Ωχ, Δ (\og(Xo + Y) ) is a free (9^-module with the Gauss-Manin connection V, filtered by the W(y)-relative monodromy weight filtration M. We thus have
(Theorem (6.2)), under the log version of the Riemann-Hilbert correspondence established in [KN] . As a corollary, we have two types of integral structure of the degenerate variation of mixed Hodge structure on V (Theorem (6.4)).
We prove the main theorem (5.4) in a manner analogous to that in Clemens [C] . We first construct a suitable family of multi-valued C°° global equations of the components of the divisor XQ -f Y (Propositions (3.2), (4.3)) and with its aid we introduce compatible actions of the monoid S := [0, 1] x C\ on the diagram (0.1), so that [0, 1] acts as shrinking and C\ acts as rounding (Theorem (5.2)).
The author wishes to express his gratitude to Professor Chikara Nakayama for stimulating discussions, from which the author was able to add Section 2 and fill in the gaps in Steps 1 and 3 of the proof of Proposition (3.2) in a draft of this paper. The author also wishes to express his gratitude to the referee for his careful reading and valuable suggestions and comments on presentations.
Convention. In this paper, for every partition of unity {p^WeW subordinate to a covering W of a manifold, the closure of supp pψ is assumed to be contained in W for every W € W.
Preliminary: Log geometry.
We summarize here the definitions of the notions and results in log geometry introduced and proved by Kato and Nakayama [KN] , for our later use.
(1.1) A commutative semigroup with unity is called a monoid. A homomorphism of monoids is assumed to preserve the unity.
A monoid P is called anfs monoid if the following three conditions are satisfied: (1.1.1) Pis finitely generated.
(1.1.2) If a, b,c e P mάab = ac, then b = c.
(1.1.3) If a e P gp and a n e P for some positive integer n, then a e P. Here P gp is the abelian group associated to P.
Let X be a ringed space and Oχ its sheaf of rings. A pre-log structure on X is a sheaf of monoids Λ4 on X endowed with a homomorphism of sheaves of monoids
where Oχ is regarded as a sheaf of monoids with respect to multiplication. A morphism / : (X, Mx) -» (Y, My) of ringed spaces with pre-log structures is a pair (/, φ) consisting of a morphism / of ringed spaces and a homomorphism φ of pre-log structures which make the following diagram commutative:
A pre-log structure M is called a log structure if a induces an isomorphism
where Oχ is the subsheaf of Oχ consisting of invertible elements. In this case, we regard Oχ as a subsheaf of M via the above isomoφhism.
If M is a pre-log structure on X, the log structure M Ά associated to M is defined to be the push out of the diagram a~\O*)
• M U X in the category of sheaves of monoids, endowed with the induced homomorphism α a : M Ά -» Oχ.
Note that, in this case, we have M & /Oχ ^ M/a~ι (Oχ). A log structure M = (M, a) on X is called an/5 log structure if locally on X there exists an fs monoid P and a homomorphism β : P -> Oχ, where P is regarded as a constant sheaf on X, such that (M, a) is isomorphic to the associated log structure (P a , β a ). In this case, (P, β) with an isomorphism P a ~ ΛΊ is called a c/zαrί of Λl Charts exist locally on X. Note that if M is an fs log structure, the stalk (M/Oχ) x is a torsion free fs monoid.
(1.1.4) EXAMPLE. If X is a complex manifold and D is a reduced divisor on X with normal crossings, then M := {f e Oχ\ f is invertible outside D} A Oχ is an fs log structure, which is called the log structure corresponding to D. In fact, locally on X, D is defined by Πi</<r z i = 0> an(^ -M is associated to α : W -• Oχ , α(n) := ]~[ zf° , where n = 0(1), ... , n{r)).
l<ί<r Here z\,... , z r is regarded as a part of local coordinates on X.
(1.2) Let C1 := {w e C x | | w | = 1} be the unit circle and let R > 0 be the set of all nonnegative real numbers. We consider R>o x C\ as a monoid by multiplication. The monoid homomorphismR>o x C\ 3 (r, u) \-^ ru e C makes T := (SpecC,/?> 0 x C\) a log point. Let X be an fs log analytic space. Then the associated log topologίcal space X log is defined to be the T-valued points
as a set. This can be identified with the set
The topology on X Xog is introduced as follows. Working locally on X, let a : P -» Oχ be a chart of ΛΊχ Then, by using the homomorphism P gp -> Mψ, X log is identified with a closed subset of X x Hom(P gp , C i). The topology of X log is given by this identification. It is independent of the choice of a chart ofMχ, and defined globally. The projection τ : X log -> X, (JC, A) ι-> x, is surjective, continuous and proper.
For x e X, τ~ι(x) is isomorphic to (C\) r where r = rank(.Λ/ί gp /C^)jc. In fact, sincê x is a free abelian group, the exact sequence has a splitting σ with π o σ = id. Hence we have an isomorphism
A ι-> (h o i, h o σ).
A morphism f = (f, φ) : X -± Y of fs log complex spaces induces a continuous map (1.2.1) EXAMPLE. Let / : X -> zl be a proper surjective holomorphic map of â /-dimensional complex manifold X to an open unit disc A such that / is smooth over the punctured disc Δ* and that Xo := f~ι (0) is a divisor with normal crossings. Then, as in Example (1.1.4), X and A carry the fs log structures corresponding to the reduced divisor (Xo)red an d the origin {0}, respectively. The map / can be regarded as a morphism of log complex manifolds which is described, in terms of local charts, as follows: Note that the first local identifications of X lo s and Δ lo % show that τ x : X lo % -> X and t/\ : zl log -> ^ can be regarded as real oriented blowing-ups along Xo and {0}, respectively (cf. [Mj] ), and the second local identifications show that X log and Δ log can be regarded as products of manifolds with corners, compact tori and complex manifolds (cf. [AMRT] 
Here Z(l) := Z 2πsΓ~T, and 0 is induced from the map τ~[Oχ -> Map c ( ,/?>/^T), / H> (/ -/)/2, and from the composite map r^Ox-^r"
where Symz C denotes the symmetric algebra of C over Z and X is the ideal of τ~ιOχ <g>z Symz £ generated by local sections of the form / <g> 1 -1 <S> 0(/), / € Oχ.
For v € X log and x = τ(^), the stalk (O l χ % is described as follows. Let r := rankz(.M| p /(9£) x and let (//)i</< r be a family of elements of C y whose image under the composite map
Then, (//)i</< r are algebraically independent over Oχ tX and Note that this is not a local ring. For an fs log analytic space X, let ω ι χ be the sheaf of differential forms on X with log poles defined by
where ί2^ is the usual sheaf of Kahler differential forms on X, and N is the (9χ-submodule of the direct sum generated by local sections of the form
For a local section of Mψ, the class of (0, 1 <g> /) in ω These derivations are extended to de Rham complexes in a natural way:
(1.4) We consider the following condition on a log analytic space X.
( 2. Some lemmas. In this section, we prove some elementary but non-trivial lemmas, which will be used in the proof of Proposition (3.2) in the next section. Here, in the second equation, W runs over those neighborhoods of x on which zy and Z?v ( y, x) form local coordinates. By Lemma (2.3) and the compactness of D, we see that the function μ(x), x e Z), is bounded away from 0. Suppose that there exist sequences of points {x n } n and {x' n } n on D with x n φ x' n , so that x' n e Fy(x n ) for some V e V for each n, and that the points x n and x' n approach each other as n -> oo. Then μ{xn) -> 0 as n -> oo, which contradicts the boundedness of μ. Hence, for each x e Z), we can find a neighborhood Here, on the right-hand-side, V e V is chosen so as to contain V b . Note that it is independent of the choice of V by (2.2.6).
We choose an open neighborhood U of D so that U is covered by V b . Claim 2. If U is small enough, then for each y e U, there exists at most one slice F(x) passing through y.
We prove Claim 2. For simplicity of notation, we denote py := PVΠD in the proof of this claim. In order to prove Claim 2, it is enough to derive a contradiction from the assumption that there exist sequences of points {x n } n and {x' n } n on D with x n φ x' n which approach each other as n -• oo and the corresponding slices F(JC Λ ) and F(x' n ) have a common point y n which approaches Z) as n -+ oo. Taking subsequences, by the compactness of Z) and Claim 1, we may assume that the sequences {x n }n and {x' n } n converge to a common point xo e D. By Claim 1, the sequence {y n } n also converges to the unique point xo of D Π F(xo). Take 
where ay is a constant vector, by and cy are constant matrices and hy is a vector whose entries are holomorphic functions of order > 2 in z, w;. Then we have
Note that gy(x) converges to a matrix consisting of holomorphic functions in w(x) for x near JCO Hence, by (2.2.6), we have
Since V is a finite covering, the extreme right-hand-side of the above equation contains only a finite number of terms. Moreover, by Lemma (2.1) applied to the C°° function py(
Substituting this to the previous equation and dividing it by the norm \w(x' n ) -w(x n )\, we can observe that the first term does not converge to 0, whereas the other terms converge to 0. This contradiction finishes the proof of Claim 2. Claim 3. If U is small enough, then for each y e U, there exists a slice F(x) passing through 3^.
We prove Claim 3. By Claim 1 and the result of the 'only one' part, there exist open F(x) be the closures of U and of F(x) Π U in U\ respectively. Then £/* := ΪJ -(\J XGD F(X) ) is open in U. In fact, let y e U* and consider the function μ y ( If the neighborhood U is small enough, then zv(y) is defined for y near F(x) in U with x e supppvπD In fact, since V is a finite covering and, for each V e V, the distance from x to F(x)Π (complement of V), considered as a function in x e supp pvnD, is bounded away from 0, our condition is fulfilled for a small enough neighborhood U. This proves Lemma (2.4). α 3. A family of normal projections. In the notation of (0.1), we construct in this section a family of 'normal projections' onto the strata of the divisor Xo + Y with normal crossings on the complex manifold X. Our method is analogous to that of Clemens [C, §5] , but since we have to modify the argument in [C] to fit our situation and since it seems to the author that there are some points which are not clear in the proof of [C, Theorem 5.7] (cf. Remarks (3.4), (4.4)), we give here a complete proof for the readers' convenience.
(3.1) Let 
PROOF. We prove the assertion by descending induction on the cardinality |/| of a subset / C {1,... , a + b}. Since the proof is long, we divide it into five steps.
Step 1. Let 
. We add a remark here. If there are different V, V f e V/ which define the same
, then we throw away one of them. Going on with this process and shrinking Uj , if necessary, we may assume that Wj 3 W \-^ V(W) G V is a well-defined map.
s. usui
Step 2. By the induction hypothesis, we assume that, for a positive integer m < I and a subset K C {1, ... , a 
= exp
The last equation is well-defined if we choose a branch of log(g k ψψ,(y)). The ambiguity of the choice of a branch is the choice of a multiple e Z). Although, globally on W2(W), these are multi-valued functions, they make sense as elements of Oχ,x up to the choice of roots of unity. Step 4. In this step, we prove that 7Γ/ in (3.2.33) is well-defined. In fact, in the proof of Lemma (2.4), the arguments in the proofs of Claim 1 and Claim 3 work well for D/, W/, (Zi,w(y))ίei and Bψiy, x). In order to show Claim 2 in the proof of Lemma (2.4) in the present situation, we divide its proof into two cases by (3. } n be the sequences on Dj which converge to the common point xo, and let y n be the common point of the slices F(x n ) and F(x' n ) so that y n -+ XQ as n -+ oo. Take W e Wj of Type 3 which 
The rest of the argument works well and we get our assertion in Case 2.
Step 5. The descending induction is now completed. Finally we take (1 < / < a + Z?). Let / C K := / u {k} c {1 α + i} and assume D k φ 0. Let x e D\ and let x := πκ(x) e ^A:-Then, the fiber π/^OO is a submanifold of the fiber π^ι(x) defined by (3.4) REMARK. In the proof of [C, Theorem 5.7] , the argument to show the welldefinedness of the projections π/ is missing. We prove this in Step 4 in the proof of Proposition (3.2). Section 2 and the constructions in Step 3 in the proof of Proposition (3.2) is needed for this proof.
A family of global equations.
By using the results in the previous section, we construct in Proposition (4.3) below a C°° family of holomoφhic coordinates of the fibers of the family of normal projections in Proposition (3.2), which fits to the original morphism f : X ->z\ in (3.1.1). The argument in this section is a refined version of the proof of the latter half of [C, Theorem 5 .7] (cf. Remark (4.4)).
(4.1) Let / : X -> Δ 9 XQ and Y be as in (3.1). We freely use the notation in Section 3, especially the notation in Proposition (3.2) and in its proof.
Before stating the main result in this section, we refine the compatibility condition (3.2.22) of the families of C°° partition of unity {Pw^nDί } w $ vy» introduced in (3.2.21) into a form suitable for the proof of Proposition (4.3) below.
In 
Here the χj is the functions in (3.2.29) and the 7Γ# is the projections in Proposition (3.2). We prove a lemma, which will be used in the proof of Proposition (4.3) below. 
This, together with x e π^1 (TΓL(JC)), implies
Thus, (4.2.3) is proved. D
We now prove the main result of this section: 
zι is a global equation of Ό[ in X, which is multi-valued as a global function on X with branches determined by the choice of multiples (n ItW eZ,y e X).
(ii) If J C {1, ... , a) and F is the fiber πj ι (x) over x e Dj, then the restricted functions Zj\F, j e /, which are now single-valued after choosing branches, form a system of holomorphic coordinates on F. We shrink the disc Δ, so that X is covered by U^ (1 < i < a). By using the ζj in (3.2.12), we define for each 1 < i < a + b, a multi-valued C°°f unction zι on X by by the compatibility in Proposition (3.2) (ii). This, together with the property (4.3.4) of the ψi and the definition (4.3.6) of the ZJ, implies that the restricted functions Zj\F, j e 7, which can be regarded as single-valued functions, form a system of holomorphic coordinates on F.
(ii) is proved. We prove (iii). Let 7, x, F and k be as in (iii). Put K := Ju{k}. If DK = 0, then zk is not defined on the fiber F. So, we assume DK φ 0. = (constant)(r where both sides are considered as single-valued functions on F after choosing their branches. In fact, taking the products, over all / containing /, of the both sides of (4.3.10), we have
Applying (4.3.8) to both sides, we have (iv) on F -Xo, and hence on F by the identity theorem.
In order to prove (4.3.10), we divide the problem into two cases according as / = / or IDJ.
Case 1. / = J: In the present case, by using the division (4.1.2) of Wy, and the definition (3.2.12) of the ζj the assertion (4.3.10) follows from Claim 1 below.
Claim 1.
We prove this by induction on \M -J\.
When \M -J\ = 0, we have Wj(M) = w) (see the definition (4.1.1)). Then, by the descending-inductive constructions (3.2.27) and (3.2.28) of the standard local equations on W e Wy(Λf) = Wy, we have 
where x := πκ(x) and F := π^ι(x).
If k > a, Claim 1 follows directly from (4.3.12) and the compatibility (4.1.3) of the partition of unity p.. Now we assume k < a. Taking the χ/(;c)-th power of the right-hand-side of (4.3.12), and using the compatibility (4.1.3), we have
τhen ' Lemma (4.2) shows that C is constant in y G F. Taking the χy (jt)-th power of the left-hand-side of (4.3.12), using the fact that the elements of Wκ(M) and of Wj(M) are of Type 1 (see (4.1)), and using the compatibility 
Monoid actions and recovery of vanishing cycles.
In this section, by using the multi-valued C°° global equations Zj of the components of Xo in Proposition (4.3), we lift the natural action of the monoid S = [0, 1] x C\ on the disc A of the base compatibly to all spaces of the diagram (0.1) (Theorem (5.2)). Our argument here is a variation of the one in [C, Section 6] . As an application of this, we prove our main theorem (Theorem (5.4)).
(5.1) Let / : X -+ A, X o and Y be as in (3.1).
As in Example (1.2.1), let (5.1.1) / log : X log -» A log be the log family induced by the flat family / : X -• A endowed with the fs log structures Mx, MA asociated to (Xo)red and {0}, respectively. Let y log be the log topological space, defined by the fiber product PROOF. We divide the proof into two steps.
Step 1 Choose a positive number <5o < 1 so small that
Then, for a fixed non-negative number δ < δo and any fixed point (r z ) e C δo , the hypersurface C δ and the unique ray of the family of projections {pi}i C A passing through the point (r;) intersect at one point and, moreover, the intersections are transversal except at the points of the singular locus of Co. Denote this intersection point by ((r, (rj) )) := λy((r/)) for all r e [0, 1].
Step 2. We define here actions of the monoid S on X and on X log . Let . We shrink A so that the U[ (1 < / < «) cover X, that r/(v) < 1 for all y e X and all / e {1, ... , a}, and that the radius of A is not greater than δo which is chosen in Step 1.
For y e X, let / : {/ I 1 / fl, ί// 3 ?}, * :
Note that F Π XQ is a divisor with normal crossings on F, and hence F has the fs log structure M F induced by (F Π Xo)red (see, (1.1.4) 
\=v uo f ι°H η).
\ ίe/ /
Claim 2. The monoid actions (5.2.12) on the fibers F log fit together to give a continuous action on X log . In fact, in the notation in Section 4, it follows from (5.2.10) that
Therefore, for each pair / C Λf c {1, ...,«}, by construction, especially by the property of hyperbolic coordinates, we have
R(s,y)j=rj(y) and λj(y)=0
for all s e [0, 1], all y e Uj Π (U$ -U M ) and all j e M -I.
From this together with (5.2.12), we get Claim 2. By Proposition (4.3) (iii), we see that the 5-action on X log preserves the subspace F log . Now, it is obvious that ^-actions on X log and on y log drop down to induce S-actions on X and on Y and that these S-actions satisfy the other conditions in the theorem. D (5.3) We assume that the family / : X -> Δ, in Section 3, is reduced. Using the action of the monoid S in Theorem (5.2), we introduce a horizontal projection of the family of log topological spaces / log : X log -> Z\ log in (5.1) in the following way. We denote Note that, by Proposition (4.3) (iii), π is compatible with the inclusion F log C X log .
(5.4) THEOREM. We use the notation in (3.1) and in (5.1). We assume that the family f : X -> Δ is reduced. Then, the family of pairs of log topological spaces 
Here j := πχ(η). This is obviously bijective by construction. D 
PROOF. Let t e Δ, t e τ^ι(t)
and to := (0, 1) t e τ^ι(0). The assertion follows immediately from the observation that the composite map τx oft of the shrinking map (5.3.2) and the projection induces a continuous surjective map x t -γ t = x\ os -F f log -^ < og -y;°g -xo -Yo, whose fibers are products of circles, in particular connected. D 6. Integral structure of limit of variation of mixed Hodge structure and its local monodromy. In this section, we introduce two types of integral structure and local monodromy on the variation of mixed Hodge structure associated to a semi-stable degeneration of o pairs, as an application of the local topological triviality of the family / log : (X log -y log ) -• Δ log in Theorem (5.4) and the log version of the Riemann-Hilbert correspondence by KatoNakayama.
(6.1) Let / : X -> Δ, Xo and Y be as in (3.1). In this section, we assume moreover that X cP N x Δ, for some N, and / is the restriction of the second projection, and that Xo is reduced. Let we get an invariant frame {e\,... , e r ] which extends over Δ and induces a frame of the canonical extension V of V|Z\*. Let W be the weight filtration corresponding to Y. [SZ, Section 5] showed that there exists a W-relative monodromy weight filtration M of the central fiber V(0), which is characterized by the properties (6.2.2) NM k c M k . 2 , ΛT* : grf +^ gvj -^> grf_* gτj .
We may assume that the basis of V(0) induced by {e\,... , e r } respects the filtration M. Then, by using the frame {e\, ... , e r ], we extend M over V. Here we add some comments on (6.2.2) for the readers' convenience. We regard (6.3.1) also as a multi-valued, flat frame of (τ^)*V, by abuse of notation. Putting (ii) The author was informed by Morihiko Saito, on May 24, 1996 , that there is a correction of [St, (5.9) ] in [Sa, 4.2] .
(iii) When the base is 0 log in (5.3.1) and Y = 0, the assertion of type (ii) in Theorem (6.4) is stated in [KN] . The proof of the Claim in the proof of Theorem (6.4) is due to C. Nakayama.
(iv) Steenbrink [St2] introduced an 'integral structure' of the limiting mixed Hodge structure by using the log structure associated to the pair Xo C X (cf. (1.1.4) ). However, he used fractions there and consequently neglected torsions. In this sense, his structure can be regarded as a Q -structure. In contrast, in our formulation in Theorem (6.4) (i), we can consider, for example, R q (/ log )* (Z/(/)) in the notation there, and hence /-adic cohomologies. (v) After writing up this manuscript, Kazuya Kato and the author, we introduced in [KU] a notion of polarized logarithmic variation of Hodge structure and a notion of polarized logarithmic Hodge structure. The latter is the weaker notion obtained from the former by forgetting the Griffiths transversality. Consider the case 7 = 0. Let Hχ be one of the integral structures in Theorem (6.4), F be the Hodge filtration on V = R q f*ω m x , Δ , and (,) be the cup product modified by the Lefschetz decomposition. Then the result in this section shows that (Hz, (,), τ^/ 7 ) is a polarized logarithmic variation of Hodge structure.
(vi) After writing up this manuscript, the author was informed by T. Matsubara and by F. Kato, independently, that they obtained in [Mt] and in [K] the integral structure of type Theorem (6.4) (i) in the case where Y = 0 in our notation. Their method is different from ours. They first proved a log version of the relative Poincare lemma and then used it to obtain the integral structure.
